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5. f(z)=2"+32> = f'(z)=42%+6x,s0f(—1)=4and f'(—1) = —10.
Thus, L(z) = f(—1) + f'(—=1)(z — (—1)) =4+ (=10)(z + 1) = —10z — 6.
7. f(z) = cosz = f'(z) = —sinz,s0 f(Z) =0and f'(¥) = -1

Thus, Z(z) = £(5) + £ (3)(—§) =0— (e = 3) ==+ §.

15. To estimate (2.001)°, we’ll find the linearization of f(z) = z° at a = 2. Since f'(z) = 5z*, f(2) = 32, and f'(2) = 80,

we have L(x) = 32 + 80(z — 2) = 80x — 128. Thus, z° = 80z — 128 when z is near 2 , so
(2.001)° == 80(2.001) — 128 = 160.08 — 128 = 32.08.

17. To estimate (8.06)*/%, we’ll find the linearization of f(z) = &>/ at a = 8. Since f'(z) = 22~ /% = 2/ (3 Iz )
f(8) =4,and f'(8) = 1, wehave L(z) = 4+ 1(z — 8) = 1o + £. Thus, 2*/° =~ 1z + £ when « is near 8, so

(8.06)%° =~ 1(8.06) + £ = 2% =402.

3

20. If y = 2°, ' = 6" and the tangent line approximation at (1, 1) has slope 6_If the change in « is 0.01, the change in y on the
tangent line is 0.06, and approximating (1.01)° with 1.0€ is reasonable.

24. (a) Fur'y — f(t:} — Etan'rrtj f’{t} — etan?rt . S'ECZ{?T'!-':I -, SOdy — rsmﬂ{wt]etanﬂt dt.

1 1
Fory=f(z)=vV1+Inz f(z) =11 4+1n2)""? . — sody = ————=d=
() Fory = f(z) = v fi(z) =3( ) S Sody =g

28. (a) A=mr? = dA=2nrdr Whenr = 24anddr =02, dA = 27(24)(0.2) = 9.6, so the maxinmm possible error
in the calculated area of the disk is about 9 67 ~ 30 cm®.

(b) Relative error — 24 44 _ 2ardr _ 2dr _ 2(02) 02 1

A A p— r 24 1z~ g0 U6

Percentage error = relative error x 100% = 0.01€ x 100% = 1 €%.
3. (@) gz) = vZ2T5 = g'(2) =3 =3 g(1.95) ~ g(2) + ¢'(2)(1.95 — 2) — —4 + 3(—0.05) = —4.15.
9(2.05) == g(2) + ¢(2)(2.05 — 2) = —4 + 3(0.05) = —3.85.

(b) The formmla g'(x) = +/z? + 5 shows that g"(z) is positive and increasing. This means that the slopes of the tangent lines
are positive and the tangents are getting steeper. So the tangent lines lie below the graph of g. Hence, the estimates in
part (a) are too small.
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1. We first write the functions described in conditions (1), (i), and (iii):

P(z) = A+ Bx + Cx’ flz) =cosx
P(z) =B+2C=z f'(x) = —sinx
P'(z) =2C f(z) = —cosz

So, taking a = 0, our three conditions become

P(0) = f(0): A=cosD=1
P'(0) = f'(0): B=—s5in0=0
P”(U:}:f”((j); W=—cosD=—-1 = C:—%

The desired quadratic function is P(z) = 1 — 2z, so the quadratic approximation is cos z &2 1 — 2z

1.4
[ L ] The figure shows a graph of the cosine function together with its linear
s \ . approximation L(x) = 1 and quadratic approximation P(z) = 1 — 22°
near 0. You can see that the quadratic approximation is much better than the
\ : J linear one.
—1.4

2. Accuracy to within 0.1 means that [cosz — (1 — 12%)| <01 & —01<cosz—(1—32?)<01 &

01> (1 — %:cz} —cosx > —01 < cosx+01>1-— %mz >eosx—01 < cosx—01<1-— %1‘2 < cosx+0.1.

12 Yy=cosx+0l

rl

From the fipure we see that this is true between A and B. Zooming in or
using an intersect feature, we find that the x-coordinates of B and A are

about +1.26. Thus, the approximation cos z =~ 1 — Sz is accurate to
A B
—1.6 f X 1.6 within 0.1 when —1.26 < = < 1.26.

=01

3. If P(x) = A+ B(z —a) + C(= — a)’, then P'(z) = B +2C(x — a) and " (x) = 2C. Applying the conditions (i), (i),
and (u1), we get
P(a) = f(a): A= f(a)
P'(a) = f'(a): B =f'(a)
P"(a] = f”(aj: 2C = f”(a] = O = %f”(aj

Thus, P(z) = A+ B(z — a) + C(z — a)® can be written in the form P(x) = f(a) + f'(a)(z — a) + 1 ' (a)(z — a)*.
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4. From Example 2 in Section 3.9, we have f(1) = 2, f/(1) = 1, and 4 L ;
fl@)=3@+3)"" S0 f'(@) =—3@+3)7** = f'()=-5 /ZF
From Problem 3, the quadratic approximation P(zx) 1s L
VET3a )+ F(D)E—)+ 1 M-1)? =2+ -1)-&@E=-1" ~*[b :
The figure shows the function f(z) = \/z + 3 together with its linear

—l1

approximation L(x) = 1z + < and its quadratic approximation P(x). You can see that P(x) is a better approximation than
L(z) and this 1s borne out by the numerical values m the following chart.

from L(z) actual value from P(x)

+/3.98 1.9950 1.99499373 ... | 1.99499375
v4.05 2.0125 2.01246118 ... | 2.01246094
V4.2 2.0500 2.04939015 ... | 2.04937500

5. Tn(x) =co + ci(r —a) + c2(x — a)® +es(x —a)® +--- + cu(x — a)™. If we put = = a in this equation,
then all terms after the first are 0 and we get T, (a) = co. Now we differentiate T}, (=) and obtain
Tl (x) = e1 + 2c2(x — a) + 3ez(x — a)® + des(x — a)® + - - + nea(x — @)™ Substituting = = a gives Ty, (a) = c1.
Dafferentiating again, we have T (x) = 2¢ + 2 - 3cz(x — a) + 3 - des(z — a?) +--- + (n — 1)nea(z — a)™ 2 and so
T}/ (@) = 2¢;. Continuing in this manner, we get 75/ () =2-3e3+2-3-des(z —a) +-- -+ (n — 2)(n — U)nen(z — a)™
and T}"(a) = 2 - 3ez. By now we see the pattern. If we continue to differentiate and substitute x = a, we obtain
T (a) = 2- 3 - 4c, and in general, for any infeger k between 1 and n, T (a) =2-3-4-5---- -keg = klc =

1" (a)
k!

. Because we want T>. and f to have the same dervatives at a, we requure that ¢, =

Cp =

(k)
—f k'(a) for

k=12

E Rt I |

n.
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6. T (x) —f(a)+_f'(a}(x—a)+m(.r—aj2+--—+m(.r—aj” To compute the coefficients in this it
. Ta(x) = o1 ~ . omp equation we

need to calculate the derivatives of f at 0:

flz) =cosx f(0) =cos0 =1
fl(z) = —sinzx f(0) = —sin0=10
f(z) = —coszx F(0) =—
"(z) = sinz F(0) =0
79 (2) = cosz F9(0) =1

We see that the derivatives repeat in a cycle of length 4, so £(*)(0) = 0, F*)(0) = —1, 7 (0) = 0, and f'®(0) = 1.

From the oniginal expression for T}, (z), with n = § and a = 0, we have

, f”U fm' f{a)o
To(x) = £0) + £ O)(=—0) + L2 (e — 02 + L2 e oy 1+ + L a0
_ -1, s 1 4 & 1 1 x?  xt 2% 2P

x 2 xé .',L'G 8

and the desired approximation is cosx &= 1 — T + TR + % The Taylor polynomials T5, T, and T consist of the

2 2 4-

initial terms of T3 up through degree 2, 4, and 6, respectively. Therefore, T2(xz) = 1 — E’ Ty(z)=1-— x— + E, and
"..Cz .'i.."4 ..":6
Ts(ﬁ.“) =1- E + ? - E We graphTz, Tq., Ts, Ts, andf
rTE T, 1.4 T Tl Notice that T3 () 15 a good approximation to cos
near 0, T1(z) is a good approximation on a larger
mterval, Ts(x) is a better approximation, and
¥=CO8Xx Y= C0sx
s \ / s Ts(z) 1s better still. Each successive Taylor
polynomual 1s a good approximation on a larger
mterval than the previous one.
\ S
Ts T: =14 T, Ty

Page 4




